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Problem #1. The Gram-Schmidt orthogonalization is the way of forming mutually orthogonal 
vectors from a series of given vectors v1, v2, … , vm (see Appendix A in the next page for the 
Gram-Schmidt orthogonalization).  Similarly, the Gram-Schmidt orthogonalization can be 
applied to a space of functions. Using the orthogonalization process, determine orthogonalized 
polynominals on a closed interval [-1, 1] (i.e., from the given polynomials, 1, x, x2, x3, and x4, 
determine orthogonal polynomials up to fourth order).  Use the inner product defined as 
 < 𝑓𝑓 ∙ 𝑔𝑔 >= ∫ 𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑥𝑥)𝑑𝑑𝑑𝑑1

−1 . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Appendix A 
Gram-Schmidt process: 

 

 
 
 
 
 
 
 
 
 



Problem #2. Consider a counterclockwise plane rigid-body rotation about the z axis with an 
angular velocity 𝛚𝛚 = 𝜔𝜔𝐤𝐤, where 𝜔𝜔 is constant. Determine the curl of the velocity of a plane rigid 
rotation (be careful for determining the sign!).  
Note: curl 𝐯𝐯 = �𝜕𝜕𝑣𝑣𝑧𝑧

𝜕𝜕𝜕𝜕
− 𝜕𝜕𝑣𝑣𝑦𝑦

𝜕𝜕𝜕𝜕
� 𝐢𝐢 − �𝜕𝜕𝑣𝑣𝑧𝑧

𝜕𝜕𝜕𝜕
− 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
� 𝐣𝐣 + �𝜕𝜕𝑣𝑣𝑦𝑦

𝜕𝜕𝜕𝜕
− 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
�𝐤𝐤 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Problem #3. Determine the centroid C(𝑥̅𝑥, 𝑦𝑦�), and the polar moment of inertia (J) with respect to 
the centroid for a quarter semicircle with the radius r shown in the following figure, where  

2 21 1,   y ,  ( ) ( )  .x xdA ydA J x x y y dA
A A

= = = − + −∫ ∫ ∫  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Problem #4. Find the general solution for the following differential equation 

𝑦̈𝑦 + 𝑦𝑦 = 1
2
𝑆𝑆𝑆𝑆𝑆𝑆(𝑥𝑥)  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Problem # 5. Consider the following Matrix.  
 

3 6 9
2 4 5
2 3 4

− 
 − 
 − − 

 

 
 
Find the inverse and rank of the matrix. 
 
  



Problem # 6. Consider the following system of equations: 
 

1 2 3

1 2 3

1 2 3

3 6 9 15
2 4 6 10

2 3 4 6

x x x
x x x

x x x

+ + =
+ − =

− − + = −

 

 
Use elementary row operations to reduce the augmented matrix corresponding to this system to a 
Reduced Row Echelon Form (RREF), and then find all its solutions.  
 
Solution: 
 
 
 


