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Problem #1. The Gram-Schmidt orthogonalization is the way of forming mutually orthogonal
vectors from a series of given vectors vi, vz, ... , Vm (See Appendix A in the next page for the
Gram-Schmidt orthogonalization). Similarly, the Gram-Schmidt orthogonalization can be
applied to a space of functions. Using the orthogonalization process, determine orthogonalized
polynominals on a closed interval [-1, 1] (i.e., from the given polynomials, 1, x, X2, x3, and x*,
determine orthogonal polynomials up to fourth order). Use the inner product defined as

<f-g>=[ f)g()dx.



Appendix A
Gram-Schmidt process:
We define the projection operator by

prof, (v) = {outu

where (u_, V) denotes the inner product of the vectors u and v. This operator projects the vector v

orthogonally onto the line spanned by vector u.

The Gram—Schmidt process then works as follows:

m =vy,
u; = V3 — proj,, (va),

Uy — V3 — I]rmju1 EVI!} - I]TU‘ju-_r [V;;}-

uy = vy — projy, (vq) — proj,, (va) -

k-1
U = vy — Z proj,, (i),

j=1
The sequence uq, ..., Ug is the required system
of orthogonal vectors, and the normalized
vectors eq, ., &x form an orthonormal set. The
calculation of the sequence U4, ..., Ux is Known
as Gram—Schmidt orthogonalization, while the
calculation of the sequence &1, .., & IS Known
as Gram—Schmidt orthonormalization as the
vectors are normalized.

To check that these formulas yield an

orthogonal sequence, first compute < uq, Uz »
by substituting the above formula for usz: we
get zero. Then use this to compute < uq,us »
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The first two steps of the Gram—Schmidt process

again by substituting the formula for us: we get zero. The general proof proceeds by mathematical

induction.



Problem #2. Consider a counterclockwise plane rigid-body rotation about the z axis with an
angular velocity w = wk, where w is constant. Determine the curl of the velocity of a plane rigid
rotation (be careful for determining the sign!).
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Problem #3. Determine the centroid C(x, y), and the polar moment of inertia (J) with respect to
the centroid for a quarter semicircle with the radius r shown in the following figure, where

yz%jdi, Vz%jydA, J :I(X—Y)2+(y—y)2 dA.
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Problem #4. Find the general solution for the following differential equation

y+y= %Sec(x)



Problem # 5. Consider the following Matrix.

3 6 -9
2 4 5
-2 -3 4

Find the inverse and rank of the matrix.



Problem # 6. Consider the following system of equations:

3%, +6Xx, +9%x, =15
2%, +4x,—6%, =10
—2X, —3X, +4X, =6

Use elementary row operations to reduce the augmented matrix corresponding to this system to a
Reduced Row Echelon Form (RREF), and then find all its solutions.

Solution:



