Math Qualifying Exam
Department of Mechanical Engineering

January 2020

Closed book, closed notes and a non-networked calculator

You may bring a one page (8.5 x 11) one sided formula sheet

All work and steps must be shown. If work is not shown, then credit will not be given

All problems have equal weight

Laplace Transform Tables are provided



1. Consider the following ODE on ¢ > 0 with initial conditions as follows:

g=3y+2y=f@t), y0)=1, y(0)=0,

with
0, for 0<t <5,
2, for 5 <t <10,
f(t) =
-1, for 10 <t < 15,
0, for ¢ > 15.

Carefully write f(t) with the aid of the unit step function U, i.e.,
f@)=2U0(t-5)+...

and then use Laplace transforms to solve the ODE. Note, methods that do not
use the Laplace transform will not receive credit.



2. Let

1 —2 3 1 5
vi = [—1], vo = [—1], v3 = [—1], vg = |—4|, b=|—-4
0 -1 3 -1 7

e (a) Consider the collection {v1,vs,v3} and also the collection {vi,vo,v4}.
One of these is a collection of linearly dependent vectors and the other is
a collection of linearly independent vectors. Determine which collection is
linearly independent.

e (b) Using the linearly independent collection from part (a), express b as
a linear combination of the vectors in that collection.



3. Find the eigenvalues and eigenvectors of the rotation matrix

Q- [cos@ —sin@] 7

sinf  cos@



4. Develop an infinite series solution u(zx,y) to the problem
u 1 0u
ox y2 Jy

for y > H and 0 < z < L. The function u(z,y) is subject to boundary condi-

tions:
ou
or

Specifically, develop a formal solution in the form

+8yu=20
0, at =0 and x=L.

u(z,y) = Z X () Yn(y)

with specific expressions for X, (z) and Y, (y).
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